Research Statement

Timothée Bonnefoi *f

I am currently finishing my PhD at the University of Antwerp under the supervision of
Wendy Lowen and Arne Mertens (defence expected in Fall 2026). My research interests
are in category theory specifically topos theory, monoidal categories, formal category
theory and their links with logic.

I. FORMAL TOPOSES

A FORMAL THEORY OF My thesis defines formal toposes, that is toposes [AGV71; MM94;
TOPOSES Joh02] in the context of formal category theory [Gra74; SWT78;

Str72; DL23|, which allows to do category theory in a general
2-category B. My approach generalises the characterisation of toposes as left-exact local-
isations of presheaf categories over a small category. This splits the problem into, on the
one hand some choice of reference objects (the small presheaf categories) which we may
take as given by a Yoneda structure [SW78|, and on the other hand a characterisation
of subtoposes (the lex localisation).

Pleronomial objects This last problem is solved by observing that the preservation
of pullbacks and terminal objects (and hence of all finite limits) can be encoded entirely
in terms of the codomain fibration. Therefore my thesis relies on the introduction of a
new object that allows to generalise it: the pleronomial object. Given two 1-morphisms
F,G: I — E of B, it is the universal object EE equipped with a 1I-morphism H: E — EE
and a 2-morphism HF = HG. This builds on the notion of indeterminate, first appearing
in [AGVT1] and later formalised in [LS88; HJ95], and generalises cone categories and
especially slice categories. From the point of view of logic, this object can be nicely
interpreted as extending the logical theory represented by E with a new (generalised)
variable of type/sort G; geometrically it behave like a tangent space of E at G but seen
by the 1-morphism F.

Toposes Working in a topological cosmos, that is a sufficiently nice 2-category
equipped with a Yoneda structure and possessing sufficiently many pleronomials, I have
been able to give a definition of toposes. Pleronomial objects, through a generalisation of
indexed categories, can be organised into a self-indexing which extends the codomain
indexed category. This allows to define toposes as reflective subobjects of the reference
objects (from the Yoneda structure) whose reflector satisfies coherence conditions with
respect to the self-indexing. Those conditions are reminiscent of the Beck-Chevalley con-
dition and notably include that the reflector should induce an indexed 1-morphism.

CURRENT RESULTS As a generalisation of toposes, this theory can be judged along

two different axes: by its behaviour and by its accordance with the
data. The former corresponds to recovering, in the formal setting, properties and charac-
terisations satisfied by Grothendieck toposes. While the latter implies checking whether
the theory specialises, in known cases, to the more ad-hoc generalisations appearing in
the literature ([Lur08; BQY6] and the many proposals in the monoidal case, see Monoidal
toposes).
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Known cases Indeed as this notion of toposes is defined in a general cosmos it can
be instantiated in specific cases: in particular it specialises in Cat to the classical notion of
Grothendieck toposes and their geometric morphisms [AGV71, Exposé IV] and to locales
in Pos. But it also seems to recover Lurie’s higher toposes [Lur08] in the homotopy 2-
category of the (00, 2)-category of quasicategories and for the slightly different notion of
accessible toposes (preliminary work). This extends [RV22] by showing that toposes
too can be described in this 2-category. More examples are being worked on.

Characterisations of toposes Moreover formal toposes satisfy several equivalent
characterisations under conditions on the ambient cosmos (conditions all satisfied both in
Cat and the other examples). These characterisations include the presentation of toposes
as left-exact localisations of presheaf categories over a small category (the characterisation
that this definition generalises), as categories of algebras for left-exact idempotent monads
on those same categories, and a slight modification of the characterisation by universal
closure operators (side-stepping the notion of subobjects). Here too, more are underway.

II. FUTUuRE WORKS

The work done so far is only the first step towards a mature formal theory of toposes.
On the one hand future works could focus on extending aspects of Cat topos theory in
particular the links with logic or geometry, on the other hand they could embrace the
new problematics arising from the formal theory either with the study of cosmoi or of
possible modifications of the theory. Finally a last line of research is that of monoidal
toposes which promise to be one of the most interesting special case in terms of applica-
tions.

ForMAL THEORY The classical theory of toposes is rich [Joh02] and the formal theory

developed so far only brushes the beginnings of it. To what extent
can those results be reproduced ? And what conditions must be put on the cosmos to
do so 7 Moreover are there other examples of toposes that can be computed ?

Theory The method used, with success, to prove the different characterisations of
toposes consists in reformulating the Cat-based statements in terms of slice categories
and then replace those with the pleronomial objects, possibly adding some assumptions
on the ambient cosmos along the way. While this mostly consists in adapting existing
proofs, it also allows to reveal the hidden assumptions arising from working in the very
nice 2-category Cat.

Subobjects A closely related objective is to generalise the notion of subobjects with
which a lot of topos theory is expressed. The notion is not well-behaved even in cases
close to Cat as evidenced by higher toposes where Grothendieck topologies do not recover
all toposes [Ane+22]. A possible method is to reframe the subobjects in terms of the
induced base change functors of the self-indexing, while another is to modify the universal
property of the pleronomial object into one satisfied by the subobject posets.

Instantiations of the theory There are still many 2-categories of interest where it
is not known whether formal toposes exist and, if so, the specific form they take. Impor-
tant examples are enriched categories (where a theory of sheaves already exists [BQI6])
and monoidal categories (see Monoidal toposes). However experience shows that comput-
ing the pleronomial objects can prove particularly difficult. Beyond those specific cases,
one may also attempt to prove some general result e.g. for 2-categories of (co)algebras
of ((co)KZ)-pseudo(co)monads on a given cosmos.

Locic AND TYPE One of the most interesting aspect of toposes is their link with logic
THEORY and type theory [MM94; 1L.S88] therefore extending this aspect is a

natural objective. This avenue of research is very interesting yet
open-ended: it is possible that there is nothing, or very little, to say in full generality.
However it remains particularly interesting even when restricting the cosmos under con-



sideration to those sufficiently close to Cat (like (Sym)MonCat) which should be easier
to work with.

Geometric logic From the point of view of logic, Grothendieck toposes are inti-
mately linked with geometric logic [Vic14] whose properties can, essentially, be read in
what the inverse image functor of a geometric morphism preserves. The formal theory
has its own notion of geometric morphism (which specialises to the classical one in Cat),
it might therefore be possible to reverse engineer logics which would find categorical se-
mantics (or a generalisation thereof) in formal toposes. If successful, such an approach
would also allow to generalise the notion of classifying topos for those theories.

First and higher order logic The other link of toposes with logic is with first and
higher order logic [LS88]. However those rely on the notion of subobject and subobject
classifier to interpret the lattice of predicates in a given context. Therefore the first step
in this direction would be to generalise those. Supposing this done, the same ideas can
be repeated here.

Dependent type theory In the same line but with a slightly different flavour,
toposes, as locally cartesian closed categories, offer categorical semantics to dependent
type theory through the codomain fibration [Jac99]. With the self-indexing, the formal
theory offers a generalisation of this fibration in any cosmos (in fact this only relies on
the notion of pleronomial objects and not that of toposes). By building upon the notion
of comprehension category [Jac93], it could offer a semantic notion of dependent type
theory corresponding to the theory of the cosmos, and in particular of linear dependent
type theory in SymMonCat. However it is unclear how to transcribe this syntactically
in general.

GEOMETRY Toposes have strong links with geometry whether as categories of geomet-

ric objects or as spaces themselves (gros/petit topos). These links are as
intrinsic as the links with logic and it is therefore important to be able to speak of formal
toposes geometrically [Joh02, Part C.]. This is of course related to Geometric logic. This
promises new and rather foreign notions of space including non-commutative spaces. In
a similar fashion to the logical case the general case might prove difficult but specific
examples should be more tractable.

The fundamental theorem and spatial cosmoi One problem of the current for-
mal theory of toposes is that the so-called fundamental theorem of topos theory [McL95]
does not hold in general i.e. a priori pleronomial objects of toposes are not themselves
toposes. This is a significant hurdle for a petit geometric interpretation of formal toposes
as, for Grothendieck toposes, étale spaces are defined as the slice toposes and play a
significant role in the geometric interpretation [AJ21]. Therefore a first step is to de-
fine, with the methods of Theory, spatial cosmoi with sufficient conditions to derive the
theorem.

Classifying spaces and types of morphisms Beyond the fundamental theorem,
a proper geometric interpretation should generalise geometric concepts such as points,
opens, quotient, fiber product, etc. Ideally, the theory should have also classifying objects
for such notions whenever possible. It is to be expected however that some result or con-
structions would not generalise cleanly (already the pleronomial has an added parameter
compared to the slices) hinting at more exotic notions of geometry.

Sheaves The other point of view concerns sheaf theory which is appears thorough
geometry [KS05; Vakl17] and beyond. They can be straightforwardly defined in the
formal theory, however they remain to be thoroughly studied. In particular it would
be interesting to try to understand for what kind of spaces they could be sheaves of
functions on. This might be difficult in full generality but special cases may relate to
current approaches to non-commutative geometry [Mah06].



Cosmorocy Cosmoi introduce a new dimension to the theory as the known notions of

toposes are all defined within a single cosmos. It is therefore natural to
wonder what can be said of cosmoi in general and how changes to them reflect on the
toposes therein. This can be split into three questions.

Classes of cosmoi While the known notions of toposes all correspond to cosmoi
satisfying strong assumptions where we can recover many results from the Cat case, in
the formal theory those assumptions are not always satisfied. This leads to the definition
of several different classes of cosmoi. Studying these, how they relate to each other, and
what result can be achieved in each case would yield better understanding of formal
toposes as a whole.

Cosmoi as 2-categorical objects We can also view cosmoi as 2-categorical objects
i.e. in an appropriate tricategory: natural questions are then whether they can be
identified by some general axiomatic categorical property and if there are ways to generate
new cosmoi from existing ones (e.g. by taking the 2-categories of (co)algebras for a
pseudo(co)monad) which would yield more examples of topos theories. One particularly
interesting question is the links between cosmoi and 2-toposes in 2 — Cat (as in defined
[Str82] or some other notion), and in particular if cosmoi are always 2-toposes as the
microcosm principle [BD98] would suggest.

Change of base Finally, in the same spirit, we can study ‘change of base’ pseud-
ofunctors between cosmoi and how the notions of pleronomial object and topos behave
under such functors, extending change of base for enriched categories [Ros25]. In partic-
ular such considerations would allow to better understand, and generalise, the notion of
localic topos. This also is interesting as a way to derive constraints on the pleronomial
objects when computing them in new settings.

YET MORE TOPOSES The formal definition of toposes applies in many different settings

and opens a path to recognise many objects as toposes. Yet the
theory is not rigid and, keeping the same ideas, it could be modified to adapt itself
to different settings. To what extent can the theory be generalised in 2-categories and
beyond ? On the contrary can it be strengthened to distinguish particularly well-behaved
cosmoi ?

Weakening of the models The current theory does not rely heavily on the axioms
of Yoneda structures therefore a natural extension would be to replace Yoneda structures
with a weaker notion of reference objects, for example with a (KZ)-pseudomonads (see
[Wal18] which shows in particular that faithful KZ-pseudomonads are ‘almost’ Yoneda
structures). While this will undoubtedly weaken the expressive power of the theory, it
might also allow to understand other objects as toposes. In particular sheaf subtoposes
can still be defined on elementary toposes [Joh02], so one may wonder if they can be
recovered as formal toposes but with respect to a more general notion of reference objects.

Higher toposes Pleronomials can be succinctly defined as the objects freely adding
a 2-morphism between the two given 1-morphisms. From this point of view the current
theory developed inside 2-categories should, morally, be extendable to the tricategorical
context. Albeit instead of defining the pleronomial to freely add a 2-morphism we should,
a priori, do so for both 2 and 3-morphisms as subtoposes should be allowed to invert both
kinds. It remains unclear what shape this should take practically. Such a notion should
be compared to, and informed by, the existing definition of [Str82]. At the limit this could
also allow to define (n,r)-toposes for some of the proposed notions of (n,r)-categories.

Formal elementary toposes One weakness of the current formulation of plerono-
mials is that they are only defined on the cocomplete objects with respect to the Yoneda
structure. By modifying their definition, taking it closer to its ‘category of cones’ inter-
pretation, the notion could be weakened to apply to every object, at least in special cases.
In such cases moreover one could expect that a natural choice of Yoneda structure would
arise from just the 2-categorical structure, hence obtaining a stronger notion of cosmos.
Such a reformulation would open the way to define formal elementary toposes(modulo



a notion of subobject) by relying solely on pleronomials (note that this is perpendicular
to the approach put forth in Weakening of the models).

MONOIDAL TOPOSES One particularly interesting special case is that of monoidal cat-

egories. Compared to the other research objectives this has a
rather different flavour, indeed while it builds on the formal notion of toposes it pro-
poses to focus on one concrete case (as far as category theory goes). This is one of the
most exciting avenues of research in terms possible applications to mathematics, physics,
complex systems and computer science.

The computation of pleronomials The original motivation for the formal topos
theory project was, in fact, the special case where the 2-category of interest was
(Sym)MonCat (with some choice of (symmetric) lax/colax/strong monoidal functors,
[Mac78]). This problem took a significant part of my PhD and computing the plerono-
mial object for a general symmetric monoidal category has looked particularly difficult for
some time, with results only in special cases so far. But with additional results and un-
derstanding from the general formal case, in particular change of cosmoi pseudofunctors,
it now seems within grasp.

Comparison to the literature The question of defining sheaves on, and toposes
with respect to, a monoidal category has already been explored in the literature. Several
sources define sheaves but only when restricting to quantales i.e. (right) closed monoidal
locales [BB86; BC93; Hey10; Res12; Hey14] sometimes with further assumptions on the
quantale. A more general approach appears in [TAM25; Ten23] where the authors define
sheaves on semicartesian (symmetric) monoidal categories. [CHB19] gives an axiomatic
definition of non-commutative toposes by demanding the existence of an internal non-
commutative frame to replace the subobject classifier (subject to conditions). Finally let
us also point out [Amb91] that, while not setting out for sheaves and toposes, has closely
related considerations. The notion obtained from the formal theory should be compared
with those when it makes sense while attempting to understand why any differences arise.

Theory and logic, again If the pleronomial object is successfully computed then
one could take the sections on the formal theory and on logic, and ask the same ques-
tions in that case. Here however answers should be much easier to obtain due to the
concrete nature of monoidal categories. Notably the links of symmetric monoidal cat-
egories with (multiplicative intuitionistic) linear logic [Gir87; Mel09] would guide these
developments, in particular the type theoretic questions of the previous section would
form a step towards linear dependent type theory (e.g. [Vék15] for a proposition). This
case also benefits from the rich literature on monoidal categories and seems to has links
with coalgebra theory [Ada05], in particular the appropriate notion of subobjects may
be related to coequations [DS21].

Even though such things are still far off, I would be remiss not to mention the par-
ticularly interesting applications that are possible in the monoidal case as monoidal
categories appear in many places. Among others: in mathematics with various forms of
(non-commutative) geometry [Ball0; Sko09; Bral4] and probability theory [Fri20], see
also [Str12]; in computer science with the already mentioned dependent linear type theory
(of relevance to concurrency), game theory [Gha+18] or deep learning [FST21]; in quan-
tum physics [CK17; HV19; Coel0; SS11] each with a different approach; as well as many
examples of applied category theory e.g. to electric circuits [BS22], chemistry [Lob25] or
linguistics [Lam12]. It is unlikely that monoidal sheaves or toposes may be of use in all
of those areas but they may allow new insights by recognising objects as toposes, sheaves
or sites, or new methods by considering sheaves over the monoidal categories appearing
in those settings.
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